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Abstract
We address uniqueness of mild solutions of the Navier–Stokes system in L∞t L3x . We prove
that solutions for which the pressure is locally square integrable are unique.
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1. Introduction
In this paper, we address uniqueness of solutions in L∞t Lnx = L∞([0, T ), Ln(Rn))
of the Navier–Stokes system
t u − u + (u · ∇)u + ∇p = 0,
∇ · u = 0 (1.1)
with an initial datum
u(x, 0) = u0(x)
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which belongs to Ln(Rn). In [FJR], Fabes, Jones, and Riviere studied the mild solutions
u(t) =
3∑
j=1
∫ t
0
j e(t−s)P(uju) ds + etu0,
where P is the projection on the divergence free vector ﬁelds. They proved existence
and uniqueness of mild solutions with initial data u0 in Lp with p > n. The case
p = n is the critical case for the ﬁxed point argument since it is the space which is
scale invariant. Namely, if u(·, t) is a solution of the Navier–Stokes equation, then so is
U(x, t) = L−1u(x/L, t/L2), and ‖U(·, 0)‖Lq = Ln/q−1‖u(·, 0)‖Lq for all q ∈ [1,∞).
In [Ka], Kato proved existence of local strong solution when initial data belongs to the
space Ln (c.f. also [C,KT,W]). The ﬁxed point argument does not apply in the space
L∞t Lnx due to the noncontinuity of the nonlinear operator (cf. [O,L]). Kato obtained
existence and uniqueness in a strictly smaller space, and the uniqueness holds there.
The uniqueness of solutions in L∞t Lnx for all n4 was proven by Lions and Masmoudi.
The case n = 2 being classical, the remaining open problem is uniqueness in L∞t Lnx
for dimension n = 3. A partial answer for the case n = 3 was obtained by Furioli et
al. [FLT] who showed uniqueness of mild solutions in C([0, T ], L3(R3)). Since then,
several different alternative proofs of this statement have been found (cf. [LM,M,Mo]).
For a most up-to-date account of the uniqueness problem in L∞t Lnx , we refer the reader
to the monograph [L].
Regarding uniqueness in 3D, it holds for solutions such that, in addition to L∞([0, T ),
L3(R3)), we also have u ∈ L∞([0, T ), L2(R3))∩L2([0, T ), H˙ 1(R3)). This was shown
in [LM,ESS].
In space dimension 3, the main difﬁculty in showing uniqueness of mild solutions
is that the condition u(1), u(2) ∈ L∞([0, T ), L3(Rn)) and parabolic regularity imply
neither
∇v ∈ L2([0, T ), L2(R3)) (1.2)
nor
v ∈ L∞([0, T ), L2(Rn)), (1.3)
where v = u(1) − u(2) is a difference of two solutions. On the other hand, as shown in
[LM], both (1.2) and (1.3) follow from u(1), u(2) ∈ L∞([0, T ), Ln(Rn)) in any space
dimension n4. In the present paper, we introduce a new different sufﬁcient condition
for uniqueness of mild solutions. Namely, we prove that uniqueness holds in the class
of mild solutions u for which the associated pressure p = RiRj (uiuj ) satisﬁes the
condition
p ∈ L2loc(R3 × [0, T )) (1.4)
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that is, the pressure p is locally square integrable in space-time. The main step in
our proof is to prove that the local condition (1.4) for a single solution implies the
global condition (1.2) for the difference of this solution and Kato’s mild solution.
This is accomplished by a careful choice of molliﬁcation and the energy functional
with exploring a cancellation on the inertial term (u · ∇)u and pressure term ∇p.
After establishing (1.2), we modify the argument from [LM] so it does not depend on
assumption (1.3) which is not available to us. The main idea for this second step is
to repeat the ﬁrst part of the proof for a transformed difference and using the splitting
device from [LM] along the way. In the proof, condition (1.4) appears to be essential.
We note that the local square integrability of the pressure is a natural condition
in a sense that it is not only sufﬁcient but it is also necessary for uniqueness of
mild solutions. In order to show this, let u(K) ∈ L∞([0, T ), L3(R3)) be the Kato’s
mild solution obtained in [Ka], and let p(K) = ∑i,j RiRj (u(K)i u(K)j ) be the associated
pressure, where Ri is the ith Riesz transform. If the uniqueness holds, then necessarily
every solution agrees with u(K). As shown in [Ka], we have
t (1−3/q)/2u(K) ∈ L∞([0, T ), Lq(R3))
for every q ∈ [3,∞]. In particular, t1/8u(K) ∈ L∞([0, T ), L4(R3)), whence
t1/4u(K)i u
(K)
j ∈ L∞([0, T ), L2(R3)), i, j ∈ {1, 2, 3} .
Therefore,
u
(K)
i u
(K)
j ∈ L2([0, T0), L2(R3)), i, j ∈ {1, 2, 3}
for every T0T such that T0 < ∞. By the Calderón–Zygmund theorem applied to the
relationship p = RiRj (u(K)i u(K)j ), we get
p(K) ∈ L2([0, T0), L2(R3))
for every ﬁnite T0T , which implies the local square integrability condition p(K) ∈
L2loc(R
3 × [0, T )).
2. Uniqueness of mild solutions
First, we recall the deﬁnition of a mild solution of the Navier–Stokes system. A
divergence-free vector function u ∈ L∞([0, T ), L3(R3)) is a mild solution of the
Navier–Stokes equations with initial datum u0 ∈ L3(R3) if
u(t) =
3∑
j=1
∫ t
0
j e(t−s)P(uju) ds + etu0
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holds for a.e. t ∈ [0, T ), where P is the Leray projector on the divergence free vector
ﬁelds. To every mild solution u, we associate a function
p =
∑
i,j
RiRj (uiuj ) ∈ L∞
(
(0, T ), L3/2(R3)
)
.
It is not difﬁcult to check that p is the pressure corresponding to the velocity u, i.e.,
(1.1) holds. We are concerned with the class P of mild solutions with locally square
integrable pressure
P = {u : u is a mild solution on [0, T (u)) with initial datum u0,
p ∈ L2loc(R3 × [0, T ))
}
,
where T (u) denotes the maximal time of existence for a solution u. The following is
our main result.
Theorem 2.1. Let u(1), u(2) ∈ P . Then u(1) = u(2).
By equality, we mean T (u(1)) = T (u(2)) and u(1)(t) = u(2)(t) for a.e. t ∈ [0, T ).
Throughout the paper, we do not use summation convention on repeated indices.
Notationally, we do not distinguish between functions which belong to scalar or vector
valued Lebesgue spaces since this is implied from the context.
Proof. As shown in the introduction, Kato’s mild solution has a locally square in-
tegrable pressure. Therefore, we may assume without loss of generality that u(2) ∈
C([0, T ), L3(R3)) is the Kato’s mild solution. (By weak continuity, it is sufﬁcient to
prove that solutions agree on a common interval of existence [LM].) Let p(1) and p(2) be
the pressure functions corresponding to u(1) and u(2). By [FJR], u(1) and u(2) are weak
solutions of the Navier–Stokes system; this means that for every  ∈ D(R3 × [0, T ))
such that ∇ ·  = 0 we have
∫
R3
u0(x) · (x, 0) dx +
∫ T
0
∫
R3
(
u(i) · (t+ )
+u(i) · (u(i) · ∇)
)
= 0, i = 1, 2 .
Here and in the sequel, we denote v · ∇w = (v · ∇)w = ∑j vjjw. Now, let w(x, t) =
u(1)(x, t)−u(2)(x, t) for (x, t) ∈ R3×[0, T ) and w(x, t) = 0 for (x, t) ∈ R3×(−∞, 0).
Then
∫ T
0
∫ (
w · (t+ ) + w · (u(1) · ∇) + u(2) · (w · ∇)
)
= 0 (2.1)
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for all  ∈ D(R3 × [0, T )) such that ∇ · = 0. Since w = 0 for t < 0, (2.1) holds for
every  ∈ D(R3 × (−∞, T )) such that ∇ · = 0, where we extended u(1) and u(2) for
t < 0 by
u(i)(x, t) = u0(x), (x, t) ∈ R3 × (−∞, 0) .
Next, we obtain p ∈ D′(R3 × (−∞, T )) such that
tw − w + (u(1) · ∇)w + (w · ∇)u(2) + ∇p = 0,
∇ · w = 0 (2.2)
holds in D′(R3 × (−∞, T )). As in [Ku], we get
p =
∑
i,j
RiRj
(
u
(1)
i wj + wiu(2)j
)
=
∑
i,j
RiRj
(
u
(1)
i u
(1)
j − u(2)i u(2)j
)
a.e. t ∈ (−∞, T ) (2.3)
by subtracting a function of t. Since u(1), u(2) ∈ P , we obtain p ∈ L2loc(R3 × [0, T )).
Also,
p ∈ L∞
(
(−∞, T ), L3/2(R3)
)
.
Regularity of the heat equation implies
∇w ∈ Lq
(
(−∞, T ), L3/2(R3)
)
, q ∈ (1,∞) . (2.4)
In particular, we conclude
u(1) · ∇w ∈ Lq
(
(−∞, T ), L1(R3)
)
, q ∈ (1,∞)
and
w · ∇u(2) ∈ Lq
(
(−∞, T ), L1(R3)
)
, q ∈ (1,∞) .
Now, let T1 ∈ (0, T ) be arbitrary, and let  ∈ D(R3×(−1, 1)). For every  ∈ (0, T −T1),
denote
(x, t) =
1
4

(
x

,
t

)
, (x, t) ∈ R3 × R .
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Let
w(x, t) = w ∗ , (x, t) ∈ R3 × (−∞, T1),
where ∗ denotes the space-time convolution. From (2.2), we obtain
twk − wk +
(
u(1) · ∇wk
)
∗  +
(
wk · ∇u(2)
)
∗  + kp = 0, k = 1, 2, 3,
∇ · w = 0, (2.5)
for (x, t) ∈ R3 × (−∞, T1), where p = p ∗ . Note that
p =
∑
i,j
RiRj
((
u
(1)
i wj + wiu(2)j
)
∗ 
)
.
Now, ﬁx any M > 0. For every  > 0, let f,M :R → R be a function such that
(i) f,M ∈ C∞
(ii) f,M(x) = x for x ∈ [−M,M]
(iii) f,M(x) = M +  for x ∈ [M + 2,∞)
(iv) f,M(x) = −(M + ) for x ∈ (−∞,−(M + 2))
(v) |f (k),M(x)|C(k) for k ∈ N0 and x ∈ R
(vi) f ′,M(x)0 for x ∈ R.
Let  ∈ D(R3×(−∞, T1)) be nonnegative. We multiply Eq. (2.5) by f,M(wk),
integrate over (−∞, T1), and sum in k. We obtain
∑
k
∫∫
f,M(w

k)tw

k−
∑
k
∫∫
f,M(w

k)w

k
+
∑
k
∫∫ (
(u(1) · ∇wk) ∗ 
)
f,M(w

k)+
∑
k
∫∫ (
(w · ∇u(2)k ) ∗ 
)
f,M(w

k)
+
∑
k
∫∫
kpf,M(w

k) = 0 .
When unspeciﬁed, the domain of integration is understood to be R3 × R. Let
F,M(x) =
∫ x
0
f,M(y) dy, x ∈ R .
Then
∑
k
∫∫
f,M(w

k)tw

k =
∑
k
∫∫
t
(
F,M(w

k)
)
 = −
∑
k
∫∫
F,M(w

k)t
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and
−
∑
k
∫∫
f,M(w

k)w

k =
∑
j,k
∫∫
f ′,M(w

k)jw

kjw

k
+
∑
j,k
∫∫
f,M(w

k)jw

kj .
Also,
∑
k
∫∫
kpf,M(w

k) = −
∑
k
∫∫
pf ′,M(w

k)kw

k−
∑
k
∫∫
pf,M(w

k)k .
We obtain
∑
j,k
∫∫
f ′,M(w

k)jw

kjw

k
=
∑
k
∫∫
F,M(w

k)t−
∑
j,k
∫∫
f,M(w

k)jw

kj
−
∑
k
∫∫ (
(u(1) · ∇wk) ∗ 
)
f,M(w

k)
−
∑
k
∫∫ (
(w · ∇u(2)k ) ∗ 
)
f,M(w

k)
+
∑
k
∫∫
pf ′,M(w

k)kw

k+
∑
k
∫∫
pf,M(w

k)k .
Let fM(x) = x for |x|M , fM(x) = M for x > M , and fM(x)=−M for x < −M .
Also, let
FM(x) =
∫ x
0
fM(y) dy, x ∈ R .
Sending  → 0, we get
∑
j,k
∫∫
jwkjw

kf
′
M(w

k)
=
∑
k
∫∫
FM(w

k)t−
∑
j,k
∫∫
fM(w

k)jw

kj
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−
∑
k
∫∫ (
(u(1) · ∇wk) ∗ 
)
fM(w

k)
−
∑
k
∫∫ (
(w · ∇u(2)k ) ∗ 
)
fM(w

k)
+
∑
k
∫∫
pf ′M(wk)kwk+
∑
k
∫∫
pfM(w

k)k . (2.6)
Let  > 0. By local square integrability of p, there exists  > 0 such that
|A| <  ⇒
∫∫
A∩supp 
p2 <  . (2.7)
Denote
AM =
({|w1| > M/2} ∪ {|w2| > M/2} ∪ {|w3| > M/2}) ∩ supp  (2.8)
and
AM = ({|w1| > M/2} ∪ {|w2| > M/2} ∪ {|w3| > M/2}) ∩ supp  .
Observe that f ′M(x) = 1 if |x| < M . Therefore,
∑
k f
′
M(w

k)kw

k =
∑
k kw

k = 0 for
x ∈ (AM)c. For every  > 0, we get
∑
k
∫∫
pf ′M(wk)kwk
=
∑
k
∫∫
AM
pf ′M(wk)kwk
 1
2
∑
k
∫∫
AM
f ′M(wk)kwkkwk+
1
2
∑
k
∫∫
AM
(p)2f ′M(wk)
 1
2
∑
k
∫∫
AM
f ′M(wk)kwkkwk+
1
2
∫∫
AM
(p)2 . (2.9)
The ﬁrst term on the right-hand side of (2.9) can be absorbed in the left-hand side of
(2.6). We get
1
2
∑
j,k
∫∫
jwkjw

kf
′
M(w

k)
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
∑
k
∫∫
FM(w

k)t−
∑
j,k
∫∫
f,M(w

k)jw

kj
−
∑
k
∫∫ (
(u(1) · ∇wk) ∗ 
)
fM(w

k)−
∑
k
∫∫ (
(w · ∇u(2)k ) ∗ 
)
fM(w

k)
+1
2
∫∫
AM
(p)2 +
∑
k
∫∫
pfM(w

k)k . (2.10)
Choose and ﬁx M > 0 such that
|AM | <

2
.
Since  is compactly supported, we have
wk → wk a.e. in R3 × (−∞, T1)
and
jwk → jwk a.e. in R3 × (−∞, T1)
as  → 0 for all j, k = 1, 2, 3. Now,∫∫
AM
(p)2 =
∫∫
AM
(
(p ∗ )2 − p2
)
+
∫∫
AM
p2

∫∫
supp 
∣∣∣(p ∗ )2 − p2∣∣∣+
∫∫
AM
p2 . (2.11)
By a.e. convergence of wk to wk and by compactness of supp , there exists 0 > 0
such that
|A
M
| < ,  ∈ (0, 0)
and thus by deﬁnition (2.8),
|AM | < ,  ∈ (0, 0), MM .
Using (2.7), we get
∫∫
AM
p2 < ,  ∈ (0, 0), MM
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from where, by (2.11) and local square integrability of p,
lim sup
→0
∫∫
AM
(p)2, MM . (2.12)
Using (2.12) in (2.10) and sending  → 0, we get
1
2
∑
j,k
∫∫
jwkjwk{|w1|<M}∩{|w2|<M}∩{|w3|<M}

∑
k
∫∫
FM(wk)t−
∑
j,k
∫∫
fM(wk)jwkj
−
∑
k
∫∫ (
u(1) · ∇wk
)
fM(wk)−
∑
k
∫∫ (
w · ∇u(2)k
)
fM(wk)
+
∑
k
∫∫
pfM(wk)k+  (2.13)
for all MM . Denote the ﬁrst ﬁve terms on the right-hand side of (2.13) by I1–I5.
First, note that FM(wk)0. Further below, we shall use the test function  which is
nonincreasing for positive t. Therefore, we assume
t(x, t)0, x ∈ R, t0 . (2.14)
Since w vanishes for t0, we get
I10 .
As for the second term I2, we have
I2
1
2
∑
k
∫∫
|w||∇w||∇| ;
the right-hand side is well deﬁned since w ∈ L∞t L3x and (2.4) hold and since  has
compact support. The third term I3 equals
−
∑
j,k
∫∫
u
(1)
j j (FM(wk)) =
∑
j,k
∫∫
u
(1)
j FM(wk)j .
By the regularity assumptions, |u(1)| |w|2 ∈ L1([0, T1), L1(R3)). Therefore,
I3
1
2
∫∫
|u(1)||w|2|∇| .
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Next, we estimate the fourth term I4. Note that Kato’s solution u(2) satisﬁes
∇u(2) ∈ Lq([0, T1), L3(R3)), q ∈ [1, 2) .
Also,
|w|2 ∈ L∞([0, T1), L3/2(R3)) .
Therefore, for any q ∈ [1, 2),
|∇u(2)||w|2 ∈ Lq([0, T1), L1(R3)) ⊆ L1([0, T1), L1(R3))
since T1 is ﬁnite. We get
I4
∫∫
|w|2|∇u(2)| .
Similarly,
I5
∫∫
|p||w||∇| .
Thus
1
2
∑
j,k
∫∫
jwkjwk{|w1|<M}∩{|w2|<M}∩{|w3|<M}
 1
2
∫∫
|w||∇w||∇| +
∫∫
|u(1)||w|2|∇| +
∫∫
|∇u(2)||w|2
+
∫∫
|p||w||∇| +  (2.15)
for all MM . Since MM is arbitrary, the monotone convergence theorem implies
that 12
∫ ∫ |∇w|2 is dominated by the right-hand side of (2.15) for every  > 0, and
therefore also for  = 0. We get
1
2
∫∫
|∇w|2 1
2
∫∫
|w||∇w||∇|
+
∫∫
|u(1)||w|2|∇| +
∫∫
|∇u(2)||w|2
+
∫∫
|p||w||∇| . (2.16)
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Now, let T0 ∈ (0, T1) be arbitrary. Then, let 0 ∈ C∞(R) be a function with compact
support such that ′0(t)0 for all t0, 0(t) = 1 for t ∈ [0, T0), and ′0(t) = 0
for tT1. Let 0 ∈ D(R3) be a nonnegative test function such that 0(x) = 1 for
x ∈ B1(0). Then, for any R > 0, let
(x, t) = 0
( x
R
)
0(t) .
This function satisﬁes (2.14) and it can thus be substituted in (2.16). As R → ∞, the
terms involving |∇| vanish; we get
∇w ∈ L2([0, T1), L2(R3)) (2.17)
and
1
2
∫∫
R3×(0,T0)
|∇w|2
∫∫
R3×(0,T1)
|∇u(2)||w|2 .
The next part of the proof is a modiﬁcation of an argument from [LM]. The argument,
however, cannot be applied directly since we do not have w ∈ L∞((0, T1), L2(R3)),
even with (2.17). We can conclude, however, that w ∈ L2([0, T1), L6(R3))∩L∞([0, T1),
L3(R3)). Let
Wk = e−Dtwk, k = 1, 2, 3,
where D > 0 is to be determined further below. Then W k = Wk ∗  satisﬁes
tW k − W k + DWk +
(
u(1) · ∇Wk
)
∗  +
(
Wk · ∇u(2)
)
∗ 
+e−Dtkp = 0, k = 1, 2, 3
∇ · W = 0 .
Now, let  ∈ D(R3) be a test function as above (in particular satisfying (2.14)). We
then proceed as before obtaining instead of (2.13)
1
2
∫∫
|∇W |2{|W1|<M}∩{|W2|<M}∩{|W3|<M}+D
∫∫
|W |2{|W1|<M}∩{|W2|<M}∩{|W3|<M}

∑
k
∫∫
FM(Wk)t−
∑
j,k
∫∫
fM(Wk)jWkj
−
∑
k
∫∫ (
u(1) · ∇Wk
)
fM(Wk)−
∑
k
∫∫ (
W · ∇u(2)k
)
fM(Wk)
+e−Dt
∑
k
∫∫
pfM(Wk)k+ 
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for all MM where M depends on  as before. We integrate by parts in both third
and fourth terms on the right-hand side and get
1
2
∫∫
|∇W |2{|W1|<M}∩{|W2|<M}∩{|W3|<M}+D
∫∫
|W |2{|W1|<M}∩{|W2|<M}∩{|W3|<M}

∑
k
∫∫
FM(Wk)t−
∑
j,k
∫∫
f,M(Wk)jWkj
+
∑
j,k
∫∫
u
(1)
j FM(Wk)j
+
∑
j,k
∫∫
Wju
(2)
k f
′
M(Wk)jWk+
∑
j,k
∫∫
Wju
(2)
k fM(Wk)j
+e−Dt
∑
k
∫∫
pfM(Wk)k+  .
Similarly to before, we get
1
2
∫∫
R3×(0,T0)
|∇W |2+D
∫∫
R3×(0,T0)
|W |2
∫∫
R3×(0,T1)
|u(2)||W ||∇W |,
where T0 ∈ (0, T1) is arbitrary. By taking the limit T0 → T1, we get
1
2
∫∫
R3×(0,T1)
|∇W |2 + D
∫∫
R3×(0,T1)
|W |2
∫∫
R3×(0,T1)
|u(2)||W ||∇W | .
Now, as in [LM], we split u(2) ∈ C([0, T1), L3(R3)) as u(2) = v+v˜, where ‖v‖L∞t L3x 
and ‖˜v‖L∞t L∞x M(); the parameter  > 0 is to be determined. Then
∫∫
|W ||v||∇W |‖W‖L2t L6x‖v‖L∞t L3x‖∇W‖L2t L2x C0‖∇W‖2L2t L2x‖v‖L∞t L3x
C0‖∇W‖2L2t L2x ,
where C0 is a constant in the Sobolev’s inequality ‖g‖L6C0‖∇g‖L2 . Also,
∫∫
|W ||˜v||∇W |‖W‖L2t L2x ‖˜v‖L∞t L∞x ‖∇W‖L2t L2x M()‖W‖L2t L2x‖∇W‖L2t L2x .
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We get
1
2
∑
j,k
∫∫
jWkjWk+D
∑
k
∫∫
WkWk
C0‖∇W‖2L2t L2x+M()‖W‖L2t L2x‖∇W‖L2t L2x
2C0‖∇W‖2L2t L2x +
M()2
4C0
‖W‖2
L2t L
2
x
.
Choosing  = 1/(4C0) and any D > M()2/4C0, we then obtain W = 0 a.e. as
desired. 
Remark 2.2. The assumption p ∈ L2loc(R3 × [0, T (u)) in the main theorem can be
relaxed to p ∈ (L2t L2x + Lqt L3x)loc(R3 × [0, T (u)), i.e.,
p ∈ (L2t L2x + Lqt L3x)(R3 × [0, T (u)),  ∈ D(R3 × [0, T )),
where q > 1. This requires only a minor modiﬁcation in the proof. We write p =
p1 + p2, which holds in a neighborhood of supp , where p1 ∈ L2(R3 × [0, T )) and
p2 ∈ Lqt L3x(R3 × [0, T )). Denote
pi = pi ∗ , i = 1, 2.
Estimate (2.9) is then replaced by
∑
k
∫∫
pf ′M(wk)kwk =
∑
k
∫∫
AM
p1f
′
M(w

k)kw

k+
∑
k
∫∫
AM
p2f
′
M(w

k)kw

k
 1
2
∑
k
∫∫
AM
f ′M(wk)kwkkwk+
1
2
∑
k
∫∫
AM
(p1)
2f ′M(wk)
+
∑
k
‖p2‖Lqt L3x(supp )‖kwk‖Lq/(q−1)t L3/2x (supp )
and the rest follows as before.
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